Abstract. Given bounded linear operators T 1 , T 2 and T 3 , this paper investigates certain invariance properties of the operator product T 1 XT 3 with respect to the choice of bounded linear operator X, where X is a generalized inverse of T 2 . Different types of generalized inverses are taken into account.
Proof. According to the technique of block operator matrices in [7] , we know that the operator T 2 has the following matrix form with respect to the orthogonal sum of subspaces:
where T 11 2 is invertible in L(R(T * 2 ), R(T 2 )), and
Also we have that the operator T 1 has the following form: 
Furthermore, we obtain that the operator T 3 has the following matrix form with respect to the orthogonal sum of subspaces:
and 
Next, we will prove the facts that (1) and (2) in Theorem 2.1 are equivalent.
Hence, according to (2.3) and (2.7), the equality
In the same manner, we can prove that the inclusion R(
On the other hand, from Lemma 1.1 it follows that arbitrary T (1) 2 ∈ T 2 {1} has the form
where U , V and W are bounded linear operators on appropriate spaces. Hence, from (2.2), (2.3), (2.5), (2.8), (2.9), (2.10), we have that
Combining (2.10) with (2.11), we have the result (2)⇒(1).
(1)⇒(2): Since the Moore-Penrose inverse of a bounded linear operator is unique and belongs to the set of {1}-inverse, it is clear that
∈ T 2 {1} if and only if the equality
are {1}-inverses of T 2 . Since 
have closed ranges. Suppose that T 1 , T 2 , and T 3 are not zero operators on Hilbert spaces. Then the identity 
In this section, we will investigate the invariance properties of the operator products T 1 T 
and T 3 ∈ L(H, K) be such that T 1 , T 2 , T 3 have closed ranges. Suppose that T 1 , T 2 , and T 3 are not zero operators on Hilbert spaces. Then the following statements are equivalent:
Proof. By Lemma 1.2, we have that arbitrary T (1,3) 2 ∈ T 2 {1, 3} has the form
where W 21 and W 22 are bounded linear operators on appropriate subspaces. Then from the equalities (2.2), (2.3), (2.5) and (3.1), we know that for any T (1,3) 2 ∈ T 2 {1, 3} 
We now prove that (1) and (2) 
we have that for arbitrary T (1,3) 2 ∈ T 2 {1, 3},
(1)⇒(2): From Lemma 1.2, it follows that
Hence, from (3.3) and (3.4), we have Next, we will investigate the invariance of the range of the operator product
T 3 with respect to the choices of T
Then the following statements are equivalent:
Proof. According to the above proof in Theorem 3.1, it follows that for any T
where W 21 and W 22 are bounded linear operators on appropriate subspaces. Furthermore, from (3.2) we have ∈ T 2 {1, 3}, which are respectively equivalent to the following two identities:
and
∈ T 2 {1, 3}. Hence, from the equalities (3.2), (3.6), (3.7), (3.8) (3.9), (3.10), we have
where W 21 and W 22 are bounded linear operators on appropriate subspaces and
Combining (3.11), (3.12), with (3.13), we get the following equality:
is valid for arbitrary bounded linear operators W 21 and W 22 .
On the other hand, since T 1 T † 2 T 3 = O, it follows that
that is T 
